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Abstract
We discuss tensor metric perturbations in a magnetic field around
the homogeneous Ju¨ttner equilibrium of massless particles in an expand-
ing universe. We solve the Liouville equation and derive the energy-
momentum tensor up to linear terms in the metric and in the magnetic
field. The term linear in the magnetic field is different from zero if the
total charge of the primordial plasma is non-zero. We obtain an analytic
formula for temperature fluctuations treating the tensor metric perturba-
tions and the magnetic field as independent random variables. Assuming
a cutoff on large momenta of the magnetic spectral function we show that
the presence of the magnetic field can discriminate only low multipoles
in the multipole expansion of temperature fluctuations. In such a case
the term linear in the magnetic field may be more important than the
quadratic one (corresponding to the fluctuations of the pure magnetic
field).
1 Introduction
The magnetic field is ubiquitous in the universe. In particular, the CMB results
from quantum thermal fluctuations of the electromagnetic field. It is present in
the standard model. Fluctuations of the magnetic field may be expected in any
model of the early universe. The non-trivial question concerns the appearance
of a macroscopic magnetic field. There are various mechanisms which can be
responsible for this phenomenon [1][2]. There is no convincing argument for any
of them. Let us mention the one which assumes a non-zero total charge of the
primordial plasma[3]; the assumption relevant for this paper.
The fluctuations lead to a diffusion of particle motions [4] and to a random
rhs of the Einstein equations resulting from the energy-momentum. The energy-
1
momentum contains a contribution of the free electromagnetic field. This term
has been studied in [5][6][7][8]. When the magnetic field is Gaussian then the
noise coming from the energy-momentum of the free electromagnetic field being
quadratic is non-Gaussian. Non-Gaussian effects have not been discovered in
CMB yet. This may be so because the magnetic field is weak and the quadratic
terms are small. We point out in this paper that a particle interaction with the
magnetic field leads to a contribution to the energy-momentum of the primordial
plasma which is linear in the magnetic field. This happens if the total charge of
the primordial plasma is non-zero. In such a case the impact of the linear term
may be stronger than the one coming from the energy-momentum quadratic in
the magnetic field. The strength of this term depends on the charge. There
are strong bounds limiting the charge of the universe [9][10]. We calculate a
variation of the metric corresponding to the term depending on the magnetic
field. We obtain an analytic formula for the temperature fluctuations result-
ing from primordial fluctuations of the metric and of the magnetic field. The
temperature fluctuations contain an information on structure formation. The
impact of the primordial magnetic field on structure formation (and tempera-
ture fluctuations) is usually ignored. There are however some arguments ( see,
e.g. [11],p.575) indicating that the magnetic field should be taken into account
in the studies of structure formation.
The plan of this paper is the following. In sec.2 we find a perturbative so-
lution of the Liouville-Vlasov equation describing a stream of particles in an
inhomogeneous expanding metric and in the magnetic field. We are interested
in the ultrarelativistic limit when all the particles are massless. As a zero order
solution we choose the Ju¨ttner distribution [12] with a time dependent temper-
ature. In sec.3 we discuss Einstein equations with the energy-momentum on
the rhs which is determined by the solution of the Liouville-Vlasov equation. A
perturbative solution of Einstein equations determines a variation of the metric
in the magnetic field. Fluctuations of the temperature are calculated in sec.4.
Temperature fluctuations are expanded in Legendre polynomials (multipole ex-
pansion). We study a dependence of the expansion coefficients on the spectral
function of the stochastic primordial magnetic field. In the Appendix we discuss
some technical aspects of the estimates on the spectral function of fluctuations
of the magnetic field.
2 Liouville-Vlasov equation
In this section we solve perturbatively the Liouville-Vlasov equation describing
a distribution of classical trajectories (see [13][14] for its application in general
relativity). We decompose
gµν = hµν + hµν , (1)
2
where hµν describes homogenous metric in the conformal time and
ds2 = gµνdx
µdxν = a2(dt2 − dx2 − γijdxidxj). (2)
In eq.(2) we assume that the tensor perturbations γij are transverse and trace-
less. We write the Liouville equation in the form
(pµ∂xµ − Γ
k
µνp
µpν∂k)Ωe = δΓ
k
µνp
µpν∂kΩe + eF
jνgνµp
µ∂jΩe, (3)
where e is the electric charge, Γµνρ are Christoffel symbols, ∂
x
µ =
∂
∂xµ
and x =
(t,x) (boldface letters denoting the three vectors), ∂k =
∂
∂pk
denotes derivatives
over momenta.
For massless particles ( m = 0) and in the homogeneous metric (hµν =
0) any function f(a2|p|) is a solution of eq.(3)(δΓ = 0)[15]. Because of the
thermodynamic interpretation we choose the equilibrium distribution ΩE [12]
as a starting point of the perturbation
ΩµE = g(2π)
−3
(
exp(a2β|p| − βµ(e)) + q
)−1
(4)
with
p2 =
∑
j
pjpj .
g is the number of particle’s degrees of freedom (we set g = 1 from now on),
β ≡ 1
T
is the inverse temperature and µ(e) is the chemical potential for particles
of the type e. In eq.(4) q = 1 for fermions, q = −1 for bosons and q = 0 for the
classical Ju¨ttner distribution. The physical momentum is a|p| and the physical
temperature (βa)−1.
We write
Ωe = Ω
µ
E(1 + χe) (5)
and look for a perturbative solution χ of eq.(3) in an inhomogeneous metric (2).
Then,
∂tχ+ n
k∂xkχ− 2Hpk∂kχ+ e|p|−1F jνhνµpµ∂jχ
= −a2βf |p|(∂tγjknjnk + 12nj∂xj γlknlnk) + ea2βf |p|−2F jνhνµpµpj ,
(6)
where nk = pk|p|−1, H = a−1 da
dt
and f = Ωˆ′(a2β|p|) where
Ωˆ′(x) = exp(x− µ(e)β)
(
exp(x− µ(e)β) + q
)−1
.
f = 1 for the Ju¨ttner distribution (relativistic equilibrium distribution neglect-
ing the quantum statistics).
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We set f ≃ 1 and look for a solution of eq.(6) which is of the first order in
momentum
χe = a
2βν|p|+ βre. (7)
We assume an infinite conductivity of the primordial plasma. Then, the electric
field is zero [16]. Inserting (7) in eq.(6) we obtain equations for ν and r
∂tν + n
k∂xkν = −∂tγjknjnk − 12nj∂xj γlknlnk, (8)
∂tre + n
k∂xkre = eγkmǫ
jklnjnmBl ≡ σe, (9)
where we wrote
F jk = ǫjklB˜l(t)
with
B˜(t,x) = a−2B(x)
This time-dependence of the magnetic field follows from Maxwell equations in
an expanding universe [17]. We introduce
Θ = ν − 1
2
γjkn
jnk (10)
Then
∂tΘ+ n
k∂xkΘ = − 12∂tγjknjnk ≡ R (11)
Θ as discussed in our earlier paper [18] has the meaning of the temperature
variation. The solution of eq.(11) reads
Θt(x) =
∫ t
0
dsR(s,x − (t− s)n), (12)
The Fourier transform of the solution of eq.(9) is
r˜e(k, t) =
∫ t
0 dsσ˜e(k,n, s) exp(−ikn(t− s)) (13)
We calculate (in the conformal time) the energy-momentum tensor till the
first order in the metric and the magnetic field perturbation ( we preserve the
quadratic term TEM of the free electromagnetic field for a later comparison).
For this purpose we sum the densities of +1 and −1 particles [19]
T jl = (2π)−3
√
g
∫
dpp−10 p
jpl(Ω+ +Ω−) + T
jl
EM
=
∫
dnnjnl
(
(1 + 4ν)(Ω
(+)
E +Ω
(−)
E ) + β(r+Ω
(+)
E + r−Ω
(−)
E )
)
+ T jlEM
≡ T jl0 + δT jl + T jlEM
(14)
where
T
jl
EM =
1
8πa6
(2BjBl − δjlBkBk)
Here, T0 is the energy-momentum of the solution (4) of the Liouville equation
on the homogeneous space-time, δT denotes the terms linear in the metric γ
4
and in the magnetic field B. In eq.(14) ν should still be expressed by Θ from
eq.(10) or determined from eq.(8).
We can calculate the tensor (14) taking multiple derivatives
∫
dm exp(−ikm(t− s))mj1 ....mjr = ir ∂
∂qj1
.....
∂
∂qjr
q−1 sin(q), (15)
where after the calculation of derivatives we should set
q = (t− s)k.
3 Einstein equations in a magnetic field
We write the spatial part of Einstein equations for traceless transverse metric
perturbations in the form (Gij is the Einstein tensor, G is the Newton constant)
δGij = −2a−2
(
1
2∂
2
t γij − 12△γij +H∂tγij
)
= 8πa2GPij;kl(δT
kl + (TEM )
lk),
(16)
where
Pij;kl = △ik△lj +△il△kj −△ij△lk,
∆jk = δjk − ∂j∂k△−1
and △ is the three-dimensional Laplacian. The matter energy-momentum δT
on the rhs is linearly dependent on the magnetic field whereas the free electro-
magnetic energy-momentum TEM is quadratic in the magnetic field.
We write
γjk = a
−1γ˜jk. (17)
Then, eq.(16) takes the form
Gγ˜jk = ∂2t γ˜jk − (△+ a−1∂2t a)γ˜jk = 8πa5G((δT TT )jk + (T TTEM )jk), (18)
where the rhs still depends on the metric. For a general a(t) it is not simple to
solve eq.(18). Let G−1(k; t, s) be the kernel of the inverse of G. Then, we can
solve eq.(18) by iteration (till the first order in G)
γ˜jk = γ˜
grav
jk (t) + 8πG
∫ t
0
dsG−1(k; t, s)a5δT TTjk (s, a−1γ˜grav), (19)
where γgrav is the solution of the homogeneous equation ( at G = 0).
In the radiation era ∂2t a = 0. Then,
G−1(k; t, s) = k−1 sin(k(t− s)). (20)
In another limit, if ka << ∂2t a then the dependence of G−1 on k can be neglected.
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Returning to eq.(18) we perform some integrals over n (using eq.(15)) and
write it in the form
∂2t γij −△γij + 2H∂tγij = 8πGa4Pij;klT klEM
+8πG(2π)−396πa−2β−4Pij;kl(
4
15γkl + t
lk),
(21)
where
tjl =
∫
dnnjnl
(
Θ+
1
4
β(N+r+ +N−r−)
)
≡ θjl + rjl. (22)
Θ is determined from eqs.(11)-(12) and r is defined in (13) (θ and r do not
depend on a). For the equilibrium distribution ΩEµ we have assumed the ap-
proximate formula (justified for high energies)
ΩµE = Nµ exp(−βa2|p|), (23)
where from eq.(4) at q → 0
Nµ = exp(µ(e)β)
In order to write down Einstein equations explicitly we calculate the part of
the plasma energy-momentum (22) which is linear in the magnetic field
rjk(k, t) = (N+ −N−)
∫ t
0 dsdmm
jmkσ(k,m, s) exp(−ikm(t− s))
= (N+ −N−)
∫ t
0 dsdmdqm
jmkγli(q, s)ǫ
rlpBp(k− q) exp(−ikm(t− s))mimr.
(24)
m denotes the directional vector of propagation (which we denoted by n in
eq.(9)). So, the part of the metric perturbation coming from the magnetic field
is
∂2t γij −△γij + 2H∂tγij = 8πG(2π)−396πa−2β−4Pij;klrlk. (25)
For the remaining part of eqs.(21)-(22) we have
δT jk = (2π)−396πa−6β−4tjk
This part of metric fluctuations is discussed in many text-books [20] [21](we
have calculated it for a diffusive matter in [18]).
4 Temperature fluctuations
There will be temperature fluctuations caused by the density fluctuations (scalar
perturbations), gravitational waves (quantum metric fluctuations) as well as
fluctuations of the primordial magnetic fields. The solution for the temperature
fluctuations is expressed by γ (eq.(12))
Θ(t,n) = −nlnj 12
∫ t
0
ds∂sγjl(s,x− (t− s)n),
6
where γ is determined by tjl. Now,
〈Θ(t,n)Θ(t,n′)〉 =
= 14 (2π)
−3
∫ t
0 ds
∫ t
0 ds
′
∫
dkdk′nlnjn′rn′p
∂s∂s′〈γjl(s,k)γrp(s′,k′)〉 exp(−i(t− s)nk+ i(t− s′)n′k),
(26)
In eqs.(25)-(26) we wish to calculate the part of fluctuations coming from the
magnetic field. It is determined from the solution of Einstein equations (16).
From the perturbative solution (19) the fluctuations coming from the magnetic
field are
〈γjl(s,k)γab(s′,k′)〉 =
(
8πG(2π)−396πa−2β−4
)2
(a(s)a(s′))−1
∫ s
0
∫ s′
0 dτdτ
′
a(τ)a(τ ′)G−1(k, s, τ)G−1(k′, s′, τ ′)Pjl;pqPab;mn〈rpq(a−1γ˜,k, τ)rmn(a−1γ˜,k′, τ ′)〉,
where r is expressed by the metric and by the magnetic field in eq.(24).
We have two random fields in the solution Θ: γ and B. We assume that B
is a Gaussian random field with the covariance
〈Bi(k)Bj(k′)〉 = ∆ij(k)δ(k + k′)PB(k), (27)
where
△jl(k) = δjl − kjklk−2.
B(k) is time-independent as explained below eq.(9) ( we denote a function and
its Fourier transform by the same letter; the meaning should follow from the
context), γ is an independent random field with the covariance
〈γjl(s,k)γab(s′,k′)〉 = Pjl;abδ(k+ k′)Pγ(k; s, s′).
We wish to calculate the correction to the temperature fluctuations coming
from the interaction with the magnetic field. Let us define
Pσ(q, s, s
′)δ(q + q′) = 〈σ(s,q)σ(s′,q′)〉, (28)
where
σ(k,m, s) =
∫
dpγlk(p, s)ǫ
rlaBa(k − p)mkmr (29)
Then,
〈σ(k,m, s)σ(k′,m′, s′)〉 = ∫ dpdp′〈γli(p, s)ǫrlaBa(k− p)mimr
γl′i′(p
′, s′)ǫr
′l′a′Ba′(k
′ − p′)m′r′m′i′〉
= δ(k+ k′)∆aa′(k)Pli;l′i′(k)ǫ
rlamimrǫa
′r′l′m′r
′
m′i
′
∫
dpPγ(p; s, s
′)PB(k− p)
≡ δ(k+ k′)w(k,m,m′) ∫ dpPγ(p; s, s′)PB(k− p),
(30)
where
w(k,m,m′) = ∆aa′(k)Pli;l′i′(k)ǫ
rlamimrǫa
′r′l′m′r
′
m′i
′
.
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The spectral function defining the fluctuations of eq.(26) is determined by
Pσ(k; s, s
′) =
∫
dpPγ(p; s, s
′)PB(k− p). (31)
We consider a simplified version of the graviton correlation function
Pγ(k; s, s
′) = f(s, s′)k−α (32)
with 0 ≤ α ≤ 3 and
PB(k) = b
2kσ exp(−k
2
λ
) (33)
(usually with −3 < σ ≤ 2) as a model for the spectral function of a primordial
magnetic field with a Debye frequency cutoff for k2 > λ [17][22]. We discuss the
spectral function Pσ in the Appendix. We show that for a small k the spectral
function Pσ(k; s, s
′) tends to Kf(s, s′) (with a certain constant K) whereas
for a large k it behaves like the graviton spectral function,i.e.,as k−α. Hence,
the magnetic field substantially changes the powerlike behaviour of the power
spectrum for a small k but it does not change the leading behaviour for a large k.
For comparison the contribution of the pure electromagnetic energy-momentum
tensor to the spectral function of the temperature fluctuations is determined by
P2B(k) =
∫
dpPB(p)PB(k− p) (34)
We show in the Appendix that for σ ≥ −1 it tends to a constant for a small k
and decays exponentially for k2 > λ. So, it does not contribute to high mul-
tipoles. For low multipoles its contribution behaves as b4 (the fourth power of
the strength of the magnetic field) whereas the contribution to the tempera-
ture fluctuations (24) of the term linear in the magnetic field is proportional to
b2(N+ −N−)2. Now, using (24),(26) and (30)-(31)
〈∂tγjl(k, t)∂t′γj′l′(k′, t′)〉 =
(
8πG(2π)−396πa−2β−4
)2
δ(k+ k′)∂t∂t′
∫ t
0 ds
∫ t′
0 ds
′
(a(t)a(t′))−1G−1(k; t, s)G−1(k′; t′, s′)a(s)a(s′) ∫ s
0
dτ
∫ s′
0
dτ ′
Wjl;j′l′(s− τ, τ, s′ − τ ′, τ ′;k)Pσ(k; τ, τ ′) ≡ δ(k+ k′)Pjl;j′ l′(k)F (t, t′;k),
(35)
where
Wjl;j′ l′(s− τ, τ, s′ − τ ′, τ ′;k) =
∫
dmdm′Pjl;ab(k)Pj′l′;a′b′(k)m
ambm′a
′
m′b
′
exp(ikm(s− τ)− ikm′(s′ − τ ′))w(k,m,m′) =∫
dmdm′Pjl;ab(k)Pj′l′;a′b′(k)m
ambm′a
′
m′b
′
exp(ikm(s− τ) − ikm′(s′ − τ ′))
∆aa′(k)Pli;l′i′(k)ǫ
rlamimrǫa
′r′l′m′r
′
m′i
′
.
(36)
The m integrals can be evaluated from the formula
8
∫
dm exp(ikm(s− τ))mambmimr
= (s− τ)−4 ∂
∂ka
∂
∂kb
∂
∂ki
∂
∂kr
(k(s− τ))−1 sin(k(s− τ)).
We have
Pjl;abPjl;ab = 6.
Hence, in eq.(35)
F (t, t′;k) = 16Pjl;j′ l′∂t∂t′
∫ t
0
ds
∫ t′
0
ds′(a(t)a(t′))−1G−1(k; t, s)G−1(k; t′, s′)a(s)a(s′)∫ s
0
dτ
∫ s′
0
dτ ′Wjl;j′ l′(s− τ, τ, s′ − τ ′, τ ′;k)Pσ(k; τ, τ ′).
(37)
F (t, t; k) is the spectral function for the magnetic contribution to the temper-
ature fluctuations. For a small k it tends to g(t) (with a certain function g)
because Pσ(k)→ Kf(s, s′), and the functions Wjl;j′l′ and G−1(k; t, s) in eq.(37)
for a small k also tend to a constant multiplied by a function of time. For
a large k the spectrum distribution Pσ behaves as Pγ (the one for gravitons).
In the higher orders of the conventional perturbative calculations of the tem-
perature fluctuations for a large k we would obtain (from eq.(19), with the
energy-momentum T for matter fields on the rhs) the contribution to temper-
ature fluctuations similar to the one resulting from eq.(37). Hence, we can
conclude that the magnetic field does not substantially modify the behaviour of
the spectral function for large k in comparison to the one without the magnetic
field. Hence, it would not be detectable by a measurement of large multipoles.
We do not have an explicit formula for G−1. However, for a small k , such that
k << a−1∂2t a, the dependence on k can be neglected. In such a case, eq. (37)
gives an analytic formula for metric fluctuations caused by a linear dependence
on the primordial magnetic field. After the analytic calculation of the spectral
function F (t, t; k) in eq.(37) we are able to derive a formula for the contribution
of the primordial magnetic field to the temperature fluctuations (26). We will
be brief in the discussion of this derivation because it is already standard and
described in many textbooks [20][21]. We follow the calculations of our earlier
paper [18] (concerning dissipative systems). In the integral dk = dkk2de we
integrate first over e in the exponential in eq.(26). We obtain
∫
de exp(−i(t− s)nk+ i(t− s′)n′k)
= 2πk−1|(t− s)n− (t− s′)n′|−1 sin
(
|(t− s)kn− (t− s′)kn′|
)
.
(38)
Next, we use the expansion
k−1|(t− s)n− (t− s′)n′|−1 sin
(
|(t− s)kn− (t− s′)qn′|
)
=
∑∞
l=0(2l + 1)jl(k(t− s))jl(k(t− s′))Pl(nn′).
(39)
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jl is the Bessel spherical function related to the Bessel function J [23]
jl(z) =
√
π
2z
Jl+ 1
2
(z) (40)
and Pl are the Legendre polynomials.
If F (37) is known then owing to eqs.(26) and (34) there remains to perform
the integrals over s and k
〈Θ(t,n)Θ(t,n′)〉 =
= 14 (2π)
−3
∑∞
l=0
∫ t
0
ds
∫ t
0
ds′
∫
dkF (s, s′, k)(2(n∆(k)n′)2 − (n∆(k)n)(n′∆(k)n′))
jl(k(t− s))jl(k(t− s′))(2l + 1)Pl(nn′),
(41)
where
n∆(k)n′ = nn′ − k−2(kn)(kn′) ≡ ∆(nn′, en, en′), (42)
n∆(k)n = 1− k−2(kn)2 ≡ δ(en). (43)
This formula is the starting point of calculations in [20] (see also our calculations
in [18]). The expansion in Legendre polynomials reads
〈Θ(t,n)Θ(t,n′)〉 =∑∞l=0(2l + 1)D˜l(t,nn′)Pl(nn′) =∑∞l=0(2l+ 1)Cl(t)Pl(nn′),
(44)
(where D˜l is the term in front of (2l+1)Pl in eq.(41)). In eq.(44) D˜lPl still must
be expanded in Legendre polynomials if the coefficients Cl are to be independent
of the angle. We have from eqs.(26),(36) and (41)
D˜l =
1
16π2
∫ t
0
ds
∫ t
0
ds′
∫∞
0
dkk2F (s, s′, k)(
2∆(nn′,−i∂s, i∂s′)2 − δ(−i∂s)δ(i∂s′)
)
jl(k(t− s))jl(k(t− s′)). (45)
Let us consider only the term without derivatives in eq.(45) (denoted Dl) re-
sulting from the expansion
2∆(nn′,−i∂s, i∂s′)2 − δ(−i∂s)δ(i∂s′ ) = 2(nn′)2 − 1 +O(∂s, ∂s′),
where O is a polynomial of at least first order in derivatives. The terms in
eq.(45) with derivatives can be calculated when Dl are known [20]. We have
Dl =
1
16π2 (2(nn
′)2 − 1) ∫ t
0
ds′
∫ t
0
ds∫∞
0 dqq
2F (s, s′, q)jl(q(t− s))jl(q(t− s′)) (46)
We make an approximation for F in eq.(37) which can be justified on the basis
of the discussion following eq.(37)
F (s, s′, q) = g(s, s′)q−3+ǫ, (47)
with a certain function g, where ǫ is different for a large q and for a small q.
The main contribution to the integrals (45) with the spherical Bessel functions
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jl(rq) comes from rq ≃ l. Hence, we can see that the behaviour of the integrals
(45) corresponding to the spectral function F (47) at large q is responsible for
the behaviour of Dl at large l and the behaviour of F at small q corresponds
to small l in Dl. We can derive an exact result for the integral (46) using the
formula 6.574 of [23](γ < σ)
∫∞
0
dqq−2+ǫJl+ 1
2
(σq)Jl+ 1
2
(γq) = 122−ǫ
Γ(l+ ǫ
2
)
Γ( 3
2
− ǫ
2
)Γ(l+ 3
2
)
( γ
σ
)l
√
γσσǫ
F (l + ǫ2 ,− 12 + ǫ2 , l + 32 , γ
2
σ2
),
(48)
where F (α, β, γ, z) denotes the hypergeometric function. Applying eq.(48) we
obtain
Dl(t) =
1
16π (2(nn
′)2 − 1) 122−ǫ
Γ(l+ ǫ
2
)
Γ( 3
2
− ǫ
2
)Γ(l+ 3
2
)
∫ t
0 ds
∫ s
0 ds
′( t−s
′
t−s )
l(t− s)ǫ
g(s, s′)F (l + ǫ2 ,− 12 + ǫ2 , l + 32 , (t−s
′)2
(t−s)2 ).
(49)
The integral (46) can easily be calculated if F (47) is concentrated at s =
s′ = sd. This case describes an instantaneous metric perturbation (the metric
perturbation is limited to the moment sd) corresponding to a sudden decoupling
at s = sd from the last scattering surface [20][21]. In such a case s = s
′ = sd in
the argument of the hypergeometric function (49). We can obtain the value of
the hypergeometric function at 1 using the formula
F (α, β, γ, 1) =
Γ(γ)Γ(γ − α− β)
Γ(γ − α)Γ(γ − β) .
Then, if ǫ = 3− ρ
Dl ≃ Γ(l + ǫ
2
)(Γ(l + 2− ǫ
2
))−1 ≃ l1−ρ (50)
Eq.(50) shows that the magnetic field is changing the behaviour of temperature
fluctuations at small l. Dl calculated with the magnetic field corrections do not
decrease with l as they do for the inflationary Pγ ≃ k−3 (then ǫ = 0 or ρ = 3). It
is known that there is a discrepancy between the theoretical and observational
multipole contributions at low l to temperature fluctuations. A part of it can
come from the primordial magnetic field. It follows that the part depending on
the magnetic field behaves as
〈Θ(t,n)Θ(t,n′)〉B ≃
∑∞
l=0(2l + 1)(2(nn
′)2 − 1)(
8πG(2π)−396πa(td)
−2β−4
)2
b2(N+ −N−)2dlPl(nn′),
(51)
with a certain slowly varying dl. In eq.(51) td is the decoupling time, dl can be
calculated from eq.(37) and (41) by a numerical evaluation of the integrals. It
varies slowly with l. There is still the contribution from the energy-momentum
TEM of the magnetic field (discussed in refs.[5]-[8]). This contribution depends
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on b4G2a−4 (the forth power of the magnetic field strength). It is decreasing
faster with l because the power spectrum P2B(k) is decreasing exponentially.
The ratio of the numerical contributions of the linear and the quadratic (TEM )
terms depends on several parameters : the total charge N+ −N−, the strength
of the magnetic field b and the temperature (βa(td))
−1 at the decoupling. There
are no precise estimates of these parameters. However, from the dependence of
dl on l we could infer the presence of the primordial magnetic field and the
charge of the universe.
5 Summary
We have derived an elementary formula for the particle’s density distribution
resulting from the perturbative solution of the Liouville-Vlasov equation. We
have discussed a variation of the distribution which is linear in the magnetic
field. It seems that this term has been ignored in the hitherto studies of the
magnetic field in the universe. The linear term is non-zero if the primordial
plasma is charged. There are strict estimates on the charge of the universe [9]
[10]. The most elementary bound results from the argument that the electric
repulsion cannot be much bigger than the gravitational attraction. This argu-
ments restrict the ratio of the charge of the universe (in electron units) to the
baryonic number to be of the order 10−18. The strength of the magnetic field
is also restricted to be extremely small: 1.0 nG in the epoch of the photon last
scattering [1]. As a consequence the linear term gives a small contribution to
the temperature fluctuation spectrum. We have calculated its dependence on
the magnetic field. There are some undetermined parameters in the formula.
However, the functional form of the temperature fluctuations could discriminate
between various models of the primordial magnetic field. The usually discussed
quadratic perturbation of Einstein equations resulting from the electromagnetic
energy-momentum has a contribution to the temperature fluctuations which de-
pends in a different way on the probability distribution of the magnetic field and
it does not depend on the temperature at the decoupling.
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6 Appendix
We wish to calculate
Pσ(k) =
∫
dqPγ(k− q)PB(q) (1)
with
Pγ(k) = k
−α (2)
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as a typical model for a graviton distribution and
PB(k) = k
σ exp(−k
2
λ
) (3)
for the magnetic field probability distribution. Then, eq.(1) gives
Pσ(k) = 2π
∫∞
0
dq
∫ 1
−1
dxqδ+2(k2 + q2 − 2qkx)−α2 exp(− q2
λ
)
= 2πk−1(2− α)−1 ∫∞0 dqqδ+1
(
(k + q)2−α − |k − q|2−α
)
exp(− q2
λ
)
= 2πk−1(2− α)−1 ∫ k
0
dqqδ+1
(
(k + q)2−α − (k − q)2−α
)
exp(− q2
λ
)
+2πk−1(2− α)−1 ∫∞
k
dqqδ+1
(
(k + q)2−α − (q − k)2−α
)
exp(− q2
λ
)
= I1(k) + I2(k).
(4)
It is easy to see that
I1(k) = k
−αg(k) (5)
where limk→∞ g(k) = const 6= 0 and I2 decays exponentially for a large k.
Moreover, for a small k we obtain that Pσ(0) > 0 is finite if δ − α > −3 .
Concerning the convolution (34) of the magnetic spectral function it is useful
to consider its Fourier transform P˜B(y)
PB(k) =
∫
dyP˜B(y) exp(iky). (6)
Applying the Fourier transform for the distribution (3) with σ = 0 we obtain
PB(k) = exp(−k
2
λ
) =
∫
dy exp(−λ
4
y2) exp(iky)(πλ)−
3
2 . (7)
Hence, the spectral function defined in eq.(34) is
P2B(k) =
∫
dpPB(p)PB(k− p) = (λ2 )−3
∫
dy exp(−λ4y2) exp(iky)∫
dy′δ(y − y′) exp(−λ4y′
2
) exp(iky′) = 8(2πλ)
3
2 exp(− k22λ).
(8)
For general σ 6= 0 it is difficult to obtain explicit formulas for P2B. In general,
in eq.(6) if PB is decaying faster than any polynomial then also P˜B is decaying
in the same way and the convolution (34) of such functions has this property.
From eq.(6) we can also derive the relation
P2B(k = 0) =
∫
dy(P˜B(y))
2. (9)
Hence, if P˜B(y) is square integrable then P2B(k) is regular at k = 0 and disap-
pears fast at large k. The behaviour for small k is not generic with respect of
convolutions and Fourier transforms. We do not have special reasons to apply
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the spectral functions exactly of the form (3). In the literature a sharp cut-off
at
√
λ is also applied [24]. For the properties of the stochastic magnetic fields
only the behaviour of PB for a large k and a small k is essential. We suggest to
replace the spectral function (3) by
PB(k) =
∫ ∞
1
dss−1−
σ
2 exp(−sk
2
λ
). (10)
This function has the same behaviour as the one in eq.(3) for large as well as
small k. It has the virtue that its Fourier transform can easily be calculated
and we obtain a workable representation of P2B . It can be shown by an explicit
calculation that if σ ≥ −1 then P2B(0) 6= 0 is finite . It decays exponentially for
a large k. If σ < −1 then P2B(k) is singular when k → 0 but its singularity is
less than k−|σ| ( e.g., as discussed in [24], when σ = −2 then we have P2B ≃ k−1
for a small k).
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